Abstract Aftershocks may be triggered by the stresses generated by preceding mainshocks. The temporal frequency and maximum size of aftershocks are well described by the empirical Omori and Bath laws, but spatial patterns are more difficult to forecast. Coulomb failure stress is perhaps the most common criterion invoked to explain spatial distributions of aftershocks. Here we consider the spatial relationship between patterns of aftershocks and a comprehensive list of 38 static elastic scalar metrics of stress (including stress tensor invariants, maximum shear stress, and Coulomb failure stress) from 213 coseismic slip distributions worldwide. The rates of true-positive and false-positive classification of regions with and without aftershocks are assessed with receiver operating characteristic analysis. We infer that the stress metrics that are most consistent with observed aftershock locations are maximum shear stress and the magnitude of the second and third invariants of the stress tensor. These metrics are significantly better than random assignment at a significance level of 0.005 in over 80% of the slip distributions. In contrast, the widely used Coulomb failure stress criterion is distinguishable from random assignment in only 51-64% of the slip distributions. These results suggest that a number of alternative scalar metrics are better predictors of aftershock locations than classic Coulomb failure stress change.
Introduction
Several studies have demonstrated that stress changes due to large earthquakes may influence the location of subsequent events (e.g., Deng & Sykes, 1996 , 1997a , 1997b King et al., 1994; Nostro et al., 1997; Reasenberg & Simpson, 1992) . Static stress changes have been invoked to explain earthquake interactions over thousands of kilometers and decadal timescales (e.g., Stein et al., 1997) , but aftershocks provide the most ubiquitous demonstrations of near-field (<100 km) and near-term (<1 year) earthquake triggering and interactions (Freed, 2005) .
The Coulomb failure stress criterion (Table 1 ) (e.g., King et al., 1994 ) is one of the most common quasi-static metrics used to explain spatial patterns of aftershocks. Regions of increased Coulomb failure stress have been correlated with locations of aftershocks after large earthquakes in Japan (e.g., Toda et al., 1998) , California (e.g., Parsons et al., 1999; Reasenberg & Simpson, 1992) , and many other locations worldwide (e.g., Jacques et al., 1996; Nostro et al., 1997) . Despite these examples, the Coulomb failure stress criterion is not successful in every case; after the 1994 Northridge earthquake, Coulomb failure stress changes could not explain the locations of aftershocks significantly better than a set of randomly distributed events (Hardebeck et al., 1998) . Furthermore, after the 1992 Landers and 1995 Kobe earthquakes in California and Japan, seismicity rates increased everywhere (Mallman & Zoback, 2007) , suggesting that decreases in Coulomb failure stress did not inhibit failure within stress shadows in the vicinity of these mainshocks.
A number of studies have proposed small variations on the classic Coulomb failure stress criterion, such as changing the effective coefficient of friction (e.g., Kagan & Jackson, 1998; King et al., 1994; Reasenberg & Simpson, 1992) . However, it is difficult to rigorously evaluate the effectiveness of the Coulomb failure stress criterion and alternatives to it, because the vast literature on aftershock triggering is dominated by studies that focus on a small number of mainshocks (<3) and their aftershocks (e.g., Hardebeck et al., 1998; King et al., 1994; Parsons et al., 1999; Reasenberg & Simpson, 1992) . Large earthquakes and their aftershocks can be viewed as repeated natural experiments: each mainshock induces stress changes, and subsequent aftershocks record the response of the crust. From this perspective, one mainshock and its aftershocks are analogous to only one trial run in a repeated experiment and the results may not be representative. In MEADE ET AL.
STATIC STRESS TRIGGERING MECHANISMS 1 order to gain a more comprehensive understanding of aftershock triggering and advance aftershock prediction around the world, multiple mainshocks should be considered.
In this paper, we examine a suite of 213 mainshock slip distributions (123 distinct mainshocks) and their aftershocks. For each of these slip distributions, we compare the spatial patterns of 38 alternatives to and variants of classic Coulomb failure stress change (e.g., maximum shear stress change, invariants of the stress change tensor, and magnitude of Coulomb failure stress change; Table 1 ) to aftershock locations using receiver operating characteristic (ROC) analysis. ROC analysis is commonly used to evaluate the accuracy of diagnostic medical tests; here we use these methods to assess rates of true-positive and false-positive classification of regions with and without aftershocks. This approach allows us to fully evaluate the predictive ability of each stress metric-in other words, the ability of each metric to accurately discriminate between, or classify, regions with and without aftershocks. We focus on static stress changes although other sources of stress such as dynamic stress changes (e.g., Kilb et al., 2000; Felzer & Brodsky, 2005 , 2006 , secondary stress changes (e.g., Meier et al., 2014) , and postseismic stress changes (e.g., Pollitz & Sacks, 2002) may also be important. ROC analysis reveals 23 static stress metrics that perform significantly (α = 0.005) better than random assignment in over 76% of the slip distributions, including maximum shear stress change and the magnitudes of the second and third invariants of the stress change tensor. The remaining stress metrics, including the classic Coulomb failure stress criterion, are distinguishable from random guessing at a significance level of 0.005 for only 10-64% of the slip distributions.
Data and Models
The SRCMOD (http://equake-rc.info/SRCMOD/) online database of finite-fault rupture models contains 334 models from 169 earthquakes since 1906 as of 1 August 2017. These mainshock slip distributions were obtained from inversion and modeling of seismic, geodetic, and other types of geophysical data; a full list of references can be found at http://equake-rc.info/SRCMOD/searchmodels/allevents/. For our analysis, we used 220 of these slip distributions; the remaining 114 rupture models could not be read in due to formatting irregularities.
Stress changes due to all 220 mainshock ruptures (M w = 4.4 to M w = 9.2) were calculated in a volume extending 100 km from the mainshock rupture plane horizontally and 50 km vertically (e.g., Figures 1a-1c and 1e-1g), gridded into 5 × 5 × 5 km cells. For each mainshock rupture, the stress tensors in each grid cell centroid were transformed into 38 different scalar stress metrics (Table 1) . These metrics were selected based on previous studies (e.g., Coulomb failure stress change and variations in the coefficients of friction μ 0 (King et al., 1994; Reasenberg & Simpson, 1992) ), as well as a number of alternative scalarizations of the stress tensor (e.g., first, second, and third invariants) which to our knowledge have not been considered in earthquake triggering studies to date. All the stress tensor scalarizations (Table 1) are evaluated using both the deviatoric and full stress tensors. Certain scalar stress metrics (e.g., classic Coulomb failure stress) depend 
Coulomb failure criteria μ = 0.0, 0.2, 0.4, 0.6, 0.8
Note. We consider the quantities below as well as their magnitudes. In total, 38 scalar stress fields are included in the analysis, although they are of course not all linearly independent. a Note that in the ROC analysis (e.g., Figure 2 ), the quantity (150 km-nearest distance) is used to transform distance from a negative predictor into a positive predictor.
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on both the orientation of the mainshock source and the receiver plane; for these metrics, we assume aftershock receiver plane orientations equal to the source (mainshock) average fault orientation. Due to possible strike and dip ambiguities, we calculate four versions of classic Coulomb failure stress change and use the best performing sign convention for ΔCFS(σ, 0.4) ( Table 1) for each slip distribution.
Aftershocks within 1 year of the mainshocks (116,814 aftershocks in total) were compiled from the International Seismological Center (ISC) event catalogue. Seven of the 220 slip distributions had no aftershocks within the volume (<100 km from mainshock horizontally and <50 km vertically) and time window (<1 year from mainshock) considered and were excluded from our analysis. The remaining 213 slip distributions (Table A1 ; 123 distinct mainshocks) form the basis of this study.
Methods
To assess the ability of each stress metric to explain aftershock locations, we use receiver operating characteristic (ROC) analysis. To build an ROC curve, the true-positive rate is plotted against the false-positive rate for the full range of possible cutoff thresholds. In ROC space, a diagnostic test (or binary classification method) that is no better than random guessing would plot close to a 1:1 line (equal rates of false-positive and true-positive classifications). A test that is more effective than random guessing would plot above a 1:1 line, as effective tests will have higher true-positive rates than false-positive rates.
ROC curves have many advantages over a statistic like the misclassification rate. First and foremost, ROC curves visualize the efficacy of a given test for all possible thresholds, while a misclassification rate is the error rate for only one threshold. The area under an ROC curve (AUC) quantifies the overall performance of a test across all thresholds; a perfect test would correspond to an AUC = 1, while a test that was no better than random guessing would correspond to an AUC = 0.5. In probabilistic terms, the AUC is the probability that given randomly chosen positive and negative samples, the test will rank the negative sample lower than the positive sample.
In our case, we have a binary classification problem: our goal is to assess the accuracy with which each stress metric (Table 1) can be used to classify the 5 × 5 × 5 km grid cells in the volume around the mainshock as 
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either "containing aftershocks" or "not containing aftershocks." Statistics like accuracy rate or misclassification rate could be extremely misleading in our application because we have~74,000 grid cells containing aftershocks, and over 2 orders of magnitude more grid cells (~6.6 million) without aftershocks. ROC analysis is appropriate for this application because it is insensitive to class imbalance; false-positive and true-positive classification rates do not depend on the absolute number of "positive" (with aftershocks) or "negative" (without aftershocks) grid cells.
Results
For each of the 213 slip distributions (Table A1 ) and for each stress metric considered (Table 1) , we build an ROC curve and calculate the corresponding AUC value (38 metrics × 213 slip distributions = 8094 ROC curves and AUC values in total). With AUC analysis, the stress metrics can be ranked in order of their ability to correctly classify whether or not an aftershock occurred in a grid cell. Consider the ROC curves for one of the 1994 M w = 7.4 Landers earthquake slip distributions (Figure 1 ) (Cohee & Beroza, 1994) : for maximum shear stress (Figure 1h ), the ROC curve is above the 1:1 line with AUC = 0.87, suggesting that this stress metric can be used to discriminate grid cells with and without aftershocks in the volume around the Landers' mainshock more accurately than a random classifier. By contrast, the corresponding ROC curve for classic Coulomb failure stress (AUC = 0.61; Figure 1d ) suggests that using this scalar mechanical metric to classify grid cells is little better than random assignment.
The results across all slip distributions are summarized below. To be as concise as possible, the accuracy with which each stress metric can be used to classify grid cells in the volume around the mainshock is referred to as the discriminating ability or performance of the metric.
A rank order of the performance of the stress metrics. We rank the overall discriminating ability of the stress metrics from best performing to worst by combining every slip distribution-stress metric pair across all slip distributions and calculating the merged AUC values (A m ; Figure 2 ). Maximum shear stress (Δτ max (σ)) and the absolute values of the second and third invariants of the deviatoric and full stress tensors (|ΔI 2 (σ)|, |ΔI 2 (σ 0 )|, |ΔI 3 (σ)|, and |ΔI 3 (σ 0 )|; Table 1 ) ranked among the best (A m = 0.754-0.758). Deviatoric Coulomb failure stress change ΔCFS(σ 0 , μ), the second and third invariants of the full stress tensor, ΔI 2 (σ) and ΔI 3 (σ), ranked among the worst (A m = 0.411-0.580).
As stated above, these rankings are based the AUC value of the merged average (A m ) of the ROC curves, but there are other ways of averaging ROC curves (threshold averaging, A t , or vertical averaging, A v , in Figure 2 ) (Fawcett, 2006) . Although the rankings change slightly depending on the averaging method used, the stress metrics can always be divided into two consistent and distinct categories. The 23 Category I stress metrics (Figure 2 ; red labels) are characterized by A m values greater than 0.72. The remaining 15 stress metrics are defined as Category II (Figure 2 ; black labels) and have A m values between 0.41 and 0.62. Notably, classic Coulomb failure stress falls into Category II regardless of the assumed effective coefficient of friction; the highest A m value for classic Coulomb failure stress is 0.62. When grid cells with nearest distances less than 5 km from the mainshock are discarded from the analysis, these categories remain distinct and the six best performing stress metrics remain top ranked.
Statistical significance. We perform permutation tests to assess the statistical significance of the performance of the static stress fields. For each mainshock slip distribution, we generated 500 random realizations of the aftershock locations. Each of the resulting 'random' ROC curve realizations yields an AUC value. The observed AUC value is compared with the empirical distribution of 'random' AUC values from the permutation tests to obtain a one-sided empirical p-value for every stress metric-slip distribution pair. To effectively summarize the results of these permutation tests, we define Ψ as the fraction of p-values for each stress metric that are less than α = 0.005 (Benjamin et al., 2017) across all slip distributions. For example, for maximum shear stress (Δτ max (σ); Figure 2 ), Ψ = 0.808 represents the fraction of slip distributions for which maximum shear stress can be used to classify grid cells significantly better than random assignment at a significance level of 0.005.
The empirical p values and Ψ values further emphasize the distinction in discriminatory ability between Category I and Category II stress metrics. The stress metrics in Category I perform significantly better than random guessing at a significance level of 0.005 for between 76 and 82% of the slip distributions. In stark
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contrast, Category II stress metrics can discriminate between grid cells significantly better than random guessing in only 10-64% of the slip distributions considered.
Sensitivity to small variations in source geometry. The 1992 Landers, 1995 Kobe, 1999 Chichi, 1999 Izmit, 2007 Tocopila, 2008 Wenchuan, 2009 L'Aquila, and 2011 Tohoku earthquakes each have more than four published and available slip distributions in the SRCMOD catalogue (Table A1) . To assess the sensitivity of the performance of the stress metrics to small variations in source geometry, we examine the range of AUC values from different slip distributions with the same mainshock. AUC values for Category I stress metrics vary, on average, by 0.13 or less across all available slip distributions for these eight earthquakes (Table A2) . By contrast, the AUC values for Category II stress metrics vary from 0.13 to 0.28 on average across these slip distributions (Table A2) . In other words, not only do Category I metrics have significantly (α = 0.005) better 
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Variations with mainshock magnitude. The stress metric rankings discussed above are based on 213 slip distributions that include mainshocks varying in size from M w = 4.4 to M w = 9.2. To examine the sensitivity of the performance of these stress metrics to mainshock magnitude, we use two-sample KolmogovovSmirnov tests to assess the likelihood that the distributions of AUC values for 6 < M w < 7, 7 < M w < 8, and M w > 8 earthquakes are distinct (Table A3) .
Interestingly, for every stress metric (Table 1 ) except the second invariant of the full stress tensor, the distributions of AUC values for 6 < M w < 7 and 7 < M w < 8 are not statistically distinct at a significance level of 0.005. However, for all Category I stress fields, distributions of AUC values for M w > 8 earthquakes are significantly different (α = 0.005) from distributions of AUC values for 6 < M w < 7 and 7 < M w < 8 earthquakes. For these high-performing metrics, mean AUC values for M W > 8 earthquakes are between 0.63 and 0.68, while mean AUC values for 6 < MM w < 7 and 7 < M w < 8 earthquakes are all >0.72 (Table A4 ). That said, Ψ values are all >0.78 for M w > 8 earthquakes, suggesting that Category I stress metrics still consistently perform better than random assignment at a significance level of 0.005 for the largest events.
Discussion
Although classic Coulomb failure stress has been widely used in earthquake triggering studies for decades (e.g., King et al., 1994) , the quantity can be used to discriminate between grid cells with and without aftershocks more accurately than random assignment in only 51-64% of the 213 slip distributions considered here. A number of alternatives-the Category I metrics including maximum shear stress, distance to the mainshock rupture, and the magnitudes of the second and third invariants of the stress tensor (Figure 2 )-consistently (Ψ > 0.76) perform significantly (α = 0.005) better than a random classifier. Overall, these results strongly suggest that Category I metrics (Table 1) should be considered in future earthquake triggering and stress transfer studies.
In Coulomb failure stress theory, positive stress changes are interpreted to promote failure, while negative stress changes inhibit failure (e.g., King et al., 1994) . Using the ROC analysis described above, we can examine the validity of this hypothesis empirically because ROC curves illustrate the performance of each stress metric across all possible cutoff thresholds. To determine the optimal thresholds-the thresholds that give each stress metric the most discriminating ability -we maximize Youden's index for each ROC curve. This index, defined as the sum of specificity (true-negative rate) and sensitivity (true-positive rate), is widely used to select optimal thresholds for diagnostic tests (e.g., Cho & Wang, 1997; Schisterman et al., 2005) . The point on an ROC curve that maximizes Youden's index will correspond to the threshold that gives the stress metric the most discriminating ability when all misclassifications-both false-positive classifications (i.e., false alarms) and false negative classifications (i.e., missed aftershock predictions)-are weighted equally.
The optimal thresholds for the stress metrics vary significantly between slip distributions ( Figure A2 ), but three notable observations about these thresholds are included here: (1) Overall, across all the slip distributions, the average optimal distance threshold is 37.3 km and the median distance is 32.4 km. As might be expected, this optimal distance threshold increases with earthquake magnitude: for 6 ≤ M w < 7 earthquakes, the mean optimal threshold is 32.1 km, for 7 ≤ M w < 8 earthquakes it is 36.6 km, and for M w ≥ 8 earthquakes it is 49.1 km. (2) The vast majority of stress metrics (37 out of 38) have distributions of optimal thresholds that are skewed to the right, consistent with the hypothesis that for the successful stress metrics, more aftershocks occur in regions of large positive stress values than in regions of large negative stress values. (3) Finally, and perhaps mostly interestingly, the stress thresholds that allow classic Coulomb failure stress change to maximize Youden's index are generally positive and close to zero (median thresholds between 0.01 and 0.04 MPa), regardless of the assumed effective coefficient of friction. In other words, although classic Coulomb failure stress change has a low (A m < 0.62) discriminating ability, using this quantity to predict aftershocks under the hypothesis that large positive values (>0.1 MPa) may promote failure and negative values (<0.0 MPa) inhibit failure (e.g., King et al., 1994) seems to allow it to perform best.
In addition to classic Coulomb failure stress, the nearest distance to the mainshock, r, stands out among the metrics (Table 1) , because (1) it is not a scalarization of the stress tensor, (2) it has extraordinarily good discriminating ability (A m = 0.74, Ψ = 0.82) even compared to other Category I metrics, and (3) it is not a locally
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To examine this hypothesis, we attempt to account for distance from the mainshock in evaluating the performance of the stress metrics. The stress metrics are corrected for distance as 1/r 2 , consistent with the decay expected for a finite source (Okada, 1992) . (In the far-field, stresses would be expected to decrease as 1/r 3 from a point source (Okada, 1992) , but because the vast majority aftershocks take place near (<~50 km from) the mainshock (e.g., Figure 1 ), this correction is likely not be appropriate here.) Once corrected for distance as 1/r 2 , the only metrics that consistently (Ψ > 0.70) perform significantly better (α = 0.005) than random classifiers consistently are the magnitudes of the second and third invariants of the full and deviatoric stress tensor. However, the second and third invariants are defined as the products of two and three components of the stress tensor respectively (Table 1 )-and thus may be expected to decay as~1/r 4 and~1/r 6 . When corrected by these factors, their discriminating ability disappears. Thus, it may be that distance from the mainshock is the best predictor of aftershock locations and Category 1 metrics may simply serve as proxies for distance.
Of course, there are a number of simplifying assumptions implicit in this analysis. We do not account for timedependent sources of stress that could influence the spatial distribution of aftershocks over time, such as secondary aftershock triggering (e.g., Meier et al., 2014) , dynamic stress changes (e.g. Felzer & Brodsky, 2005 , 2006 Kilb et al., 2000; van der Elst & Brodsky, 2010) , or postseismic stress changes (e.g., Pollitz & Sacks, 2002) . Dynamic stress changes have been used to explain aftershock locations immediately (<1 week) after large mainshocks (Prejean et al., 2004) , while viscoelastic stress changes and secondary aftershock triggering may be important on longer timescales (days-years) (e.g., Lorenzo-Martín et al., 2006; Pollitz & Sacks, 2002; . However, the discriminatory ability of Category I static stress change values due to the mainshocks alone (e.g., Figure 2 ) suggests that while additional sources of stress change might influence aftershock locations, they are likely not the primary controls.
Conclusions
Coulomb failure stress changes due to individual mainshocks are often invoked to explain the locations of subsequent aftershocks. Using receiver operating characteristic (ROC) analysis, we assess and compare the ability of 38 alternatives to Coulomb failure stress change to discriminate between regions with and without aftershocks after 123 different mainshocks worldwide (213 slip distributions). Classic Coulomb failure stress change can be used to discriminate between regions significantly better than random assignment (α = 0.005) in less than 65% of the slip distributions considered, regardless of the assumed coefficient of friction. By contrast, we identify 23 alternatives to and variations of classic Coulomb failure stress, including maximum shear stress and the magnitudes of the second and third invariants of the stress tensor, that perform significantly better than random assignment (α = 0.005) in over 76% of the 213 slip distributions. Although these stress metrics may simply serve as effective proxies for distance, their performance nevertheless suggests that they should be considered in future earthquake triggering studies.
